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Random approximations and random ﬁxed point theorems are
stochastic generalizations of classical approximations and
ﬁxed point theorems. The study of random ﬁxed point theo-
rems was initiated by Prague school of probabilities in the
1950s by Spacek [1] and Hans [2,3]. The interest in these prob-
lems was enhanced after the publication of the survey article of
Bharucha-Reid [4] in 1976. Random ﬁxed point theory and
applications have been further developed rapidly in recent
years (see e.g. [5–12] and references therein).The class of asymptotically nonexpansive self-mappings
introduced by Goebel and Kirk [13] in 1972. In 2001, Xu
and Ori [14] introduced the following implicit iteration process
{xn} deﬁned by
xn ¼ anxn1 þ ð1 anÞTnðmodNÞxn; nP 1; x0 2 K; ð1:1Þ
for a ﬁnite family of nonexpansive mappings {T1, T2, . . ., TN}:
Kﬁ K, where K is a nonempty closed convex subset of a
Hilbert space E and {an}nP1 is a real sequence in (0, 1). They
proved the weakly convergence of the sequence {xn} deﬁned
by (1.1) to a common ﬁxed point p 2 F ¼ \Ni¼1FðTiÞ.
In 2003, Sun [15] introduced the following implicit iteration
process {xn} deﬁned by
xn ¼ anxn1 þ ð1 anÞTkðnÞiðnÞ xn; nP 1; x0 2 K; ð1:2Þ
for a ﬁnite family of asymptotically quasi-nonexpansive self-
mappings on a bounded closed convex subset K of a Hilbert
space E with {an}nP1 a sequence in (0, 1), where
n= (k(n)  1)N+ i(n), i(n) 2 {1, 2, . . ., N}, and proved theicense.
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common ﬁxed point p 2 F ¼ \Ni¼1FðTiÞ.
In 2010, Filomena Cianciaruso et al. [16] considered the
following implicit iterative process for a ﬁnite family of asymp-
totically nonexpansive mappings
xn ¼ ð1 an  cnÞxn1 þ anTkðnÞiðnÞ yn þ cnun;
yn ¼ ð1 bn  dnÞxn þ bnTkðnÞiðnÞ xn þ dnvn; nP 1;
ð1:3Þ
where n= (k(n)  1)N+ i(n), i(n) 2 {1, 2, . . ., N}, {an}, {bn},
{cn}, {dn} are sequences of real numbers in (0, 1) with an +
cn 6 1 and bn + dn 6 1 for all nP 1 and {un}, {vn} are two
bounded sequences and x0 is a given point. They proved con-
vergence of the implicit iterative process deﬁned by (1.3) to a
common ﬁxed point of asymptotically nonexpansive mappings
in uniformly convex Banach spaces.
Very recently, Hao et al. [17] studied the convergence of an
implicit iterative process with errors for two ﬁnite families
fTigNi¼1; fSigNi¼1 : K! K of asymptotically nonexpansive map-
pings deﬁned as follows:
xn ¼ ð1 an  cnÞxn1 þ anTkðnÞiðnÞ yn þ cnun;
yn ¼ ð1 bn  dnÞxn þ bnSkðnÞiðnÞ xn þ dnvn; nP 1;
ð1:4Þ
where n= (k(n)  1)N+ i(n), i(n) 2 {1, 2, . . ., N}, {an}, {bn},
{cn}, {dn}, are sequences of real numbers in [0,1] with an +
cn 6 1 and bn + dn 6 1 for all nP 1 and {un}, {vn}, are two
bounded sequences.
The development of random ﬁxed point iterations was
initiated by Choudhury in [18] where random Ishikawa iteration
scheme was deﬁned and its strong convergence to a random ﬁxed
point in Hilbert spaces was discussed. After that, several authors
have worked on random ﬁxed point iterations some of which are
noted in ([19–24]) and many others. Banerjee et al. [25]
constructedacomposite implicit random iterativeprocesswither-
rors for a ﬁnite family {Ti: i 2 I= {1, 2, . . .,N}} ofN continuous
asymptotically nonexpansive randomoperators fromX · C toC,
whereC benonempty closed convex subset of a separableBanach
space E. They discuss the necessary and sufﬁcient conditions for
the convergence of this composite implicit random iterative pro-
cess deﬁned in the compact form as follows:
nnðtÞ ¼ annn1ðtÞ þ bnTkðnÞiðnÞ ðt; gnðtÞÞ þ cnfnðtÞ;
gnðtÞ ¼ annnðtÞ þ bnTkðnÞiðnÞ ðt; nnðtÞÞ þ cngnðtÞ; nP 1; 8t 2 X;
ð1:5Þ
where {an}, {bn}, {cn}, {an}, {bn}, {cn} are sequences of real
numbers in [0, 1] with an + bn + cn = an + bn + cn = 1 and
{fn(t)}, {gn(t)} are bounded sequences of measurable functions
from X to C.
Inspired and motivated by theses facts, we investigate con-
vergence of the following implicit random iterative process:
Deﬁnition 1.1. Let fTigNi¼1 and fSigNi¼1 be two ﬁnite families of
2N asymptotically nonexpansive random mappings form
X · C to C. where C is a nonempty closed convex subset of
a separable Banach space E. Let n0: Xﬁ C be a measurable
function. Then, deﬁne the sequence {nn(w)} asnnðwÞ ¼ ð1 an  cnÞnn1ðwÞ þ anTkðnÞiðnÞ ðw; gnðwÞÞ þ cnfnðwÞ;
gnðwÞ ¼ ð1 bn  dnÞnnðwÞ þ bnSkðnÞiðnÞ ðw; nnðwÞÞ þ dngnðwÞ;
ð1:6Þwhere n= (k(n)  1)N+ i(n), i(n) 2 {1, 2, . . ., N}, {an}, {bn},
{cn}, {dn} are sequences of real numbers in [0,1] with an +
cn 6 1 and bn + dn 6 1 for all w 2 X and for all nP 1 and
{fn(w)}, {gn(w)} are bounded sequences of measurable func-
tions from X to C.
We extend the random iterative process (1.5) to the case of
two ﬁnite families of asymptotically nonexpansive random
mappings {Ti, Si: i= 1, 2, . . ., N} and also study the random
version of the implicit iterative process (1.4). We obtain the
weak and strong convergence of an implicit random iterative
process (1.6) in a uniformly convex Banach space.
2. Preliminaries
Let (X, R) be a measurable space, C a nonempty subset of E. A
mapping n: Xﬁ C is called measurable if n1(B \ C) 2 R for
every Borel subset B of a Banach space E. A mapping T:
X · Cﬁ C is said to be random mapping if for each ﬁxed
x 2 C, the mapping T(.,x): Xﬁ C is measurable. A measurable
mapping n: Xﬁ C is called a random ﬁxed point of the random
mapping T: X · Cﬁ C if T(w, n(w)) = n(w) for each w 2 X.
We denote the set of all random ﬁxed points of random
mapping T by RF(T).
Deﬁnition 2.1 [26]. A Banach space E is said to satisfy the
Opial’s condition if for any sequence {xn} in E, xnN x weakly
as nﬁ1 and x „ y implying that
lim sup
n!1
kxn  xk < lim sup
n!1
kxn  yk;
for all y 2 E.
Deﬁnition 2.2. A map T: Cﬁ E is called demiclosed at y 2 E if
for each sequence {xn} in C and each x 2 E, xnN x weakly and
Txnﬁ y strongly imply that x 2 C and Tx= y.
Deﬁnition 2.3 [25]. A ﬁnite family {Ti: i 2 I= {1, 2, 3, . . ., N}}
of N continuous random operators from X · C to E with
F ¼ TNi¼1RFðTiÞ– ; is said to satisfy condition B on C if there
exists a nondecreasing function f: [0, 1)ﬁ [0, 1) with
f(0) = 0, f(r)P 0 for all r 2 (0, 1) such that for all w 2 X,
fðdðnðwÞ;FÞÞ 6 max16i6NfknðwÞ  Tiðw; nðwÞÞkg for all n(w),
where n: Xﬁ C is a measurable function and
dðnðwÞ;FÞ ¼ inffknðwÞ  qðwÞk : qðwÞ 2 F ¼ TNi¼1RFðTiÞg.
Deﬁnition 2.4 [19]. Let C be a nonempty closed convex subset
of a separable Banach space E and T: X · Cﬁ E be a random
mapping. Then, T is said to be
(1) Nonexpansive random operator if for arbitrary x, y 2 C,
kTðw; xÞ  Tðw; yÞk 6 kx yk; 8w 2 X:
(2) Asymptotically nonexpansive random mapping if there
exists a measurable mapping sequence rn(w): Xﬁ [1,
1) with limnﬁ1rn(w) = 1 for each w 2 X such that for
arbitrary x, y 2 C and for each w 2 X
kTnðw; xÞ  Tnðw; yÞk 6 rnðwÞkx yk; n ¼ 1; 2; . . .
(3) UniformlyL-Lipschitzian randommapping if there exists a
constant L> 0 such that for arbitrary x, y 2 C and w 2 X
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(4) Semicompact random mapping if for a sequence of
measurable mappings {nn} from X to C with
limnﬁ1inn(w)  T(w, nn(w))i = 0 for all w 2 X there
exists a subsequence fnnk ðwÞg of {nn(w)} such that
fnnk ðwÞg ! fnðwÞg as kﬁ1 for each w 2 X, where
{n(w)} is a measurable mapping from X to C.
Remark 2.5. Every asymptotically nonexpansive random map-
ping is uniformly L-Lipschitzian, where L= supw2X,nP1rn(w).
The following lemmas are useful for proving ourmain results.
Lemma 2.6 [27]. Let {an}, {bn} and {mn} be nonnegative real
sequences satisfying
anþ1 6 ð1þmnÞan þ bn; 8nP 1
If
P1
n¼1mn < 1 and
P1
n¼1bn < 1, then
(1) limnﬁ1an exists.
(2) limnﬁ1an = 0 whenever liminfnﬁ1an = 0.
Lemma 2.7 [28]. Let E be a uniformly convex Banach space, and
0 6 p 6 tn 6 q< 1 for all positive integer nP 1.Also suppose that
{xn} and {yn} are two sequences of E such that limsupnﬁ1ixni 6 r,
limsupnﬁ1iyni 6 r and limnﬁ1itnxn + (1  tn)yni = r hold for
some rP 0, then limnﬁ1ixn  yni = 0.
Lemma 2.8 (Demiclosedness Principle, [29]). Let E be a uni-
formly convex Banach space, C a nonempty closed convex subset
of E and T: Cﬁ E be asymptotically nonexpansive mapping.
Then, I  T is demiclosed at zero. i.e., if xnﬁ x weakly and
ixn  Txniﬁ 0 strongly, then x 2 F(T), where F(T) is the set
of ﬁxed points of T.
Lemma 2.9 [30]. Let E be a Banach space which satisﬁes Opi-
al’s condition and let {xn} be sequence in E. Let u, v 2 E be such
that limnﬁ1ixn  ui and limnﬁ1ixn  vi exists. If fxnkg and
fxmkg are subsequence of {xn} which converge weakly to u and
v, respectively, then u = v.3. Main results
Before proving our main results, we shall prove the following
crucial lemmas:
Lemma 3.1. Let E be a separable Banach space and C be a
nonempty closed convex subset of E. Let {Ti, Si: i 2 I = {1, 2,
. . ., N}} be 2N asymptotically nonexpansive random mappings
with sequences of measurable mappings fring : X! ½1;1Þ such
that
P1
n¼1ðrinðwÞ  1Þ < 1, rinðwÞ ! 1 as nﬁ1, for all w 2 X
and i 2 I = {1, 2, . . ., N}. Suppose that F ¼ TNi¼1ðRFðTiÞ\
RFðSiÞÞ–;. Let {nn(w)} be the sequence deﬁned as in (1.6)
with the additional assumption
P1
n¼1cn < 1;
P1
n¼1dn < 1 and
limsupnﬁ1an < 1. Then
(1) limnﬁ1inn(w)  n(w)i exists for all nðwÞ 2 F ¼TN
i¼1ðRF ðT iÞ \ RF ðSiÞÞ.(2) limnﬁ1d(nn(w), F) exists where d(nn(w),
F) = infn(w)2Finn(w)  n(w)i.
Proof. Let n(w) 2 F. Since {fn} and {gn} are bounded
sequence of measurable function from X to C, we can put
for each w 2 X
MðwÞ ¼ sup
nP1
kfnðwÞ  nðwÞk _ sup
nP1
kgnðwÞ  nðwÞk: ð3:1Þ
Then, M(w) <1 for each w 2 X and nP 1. For nP 1, let
rnðwÞ ¼ maxfrinðwÞ : i 2 I ¼ f1; 2; . . . ;Ngg, then we can write
kTkðnÞiðnÞ ðw; xÞ  TkðnÞiðnÞ ðw; yÞk 6 rnðwÞkx yk
kSkðnÞiðnÞ ðw; xÞ  SkðnÞiðnÞ ðw; yÞk 6 rnðwÞkx yk; w 2 X:
ð3:2Þ
Using (1.6), (3.1) and (3.2), we have for n(w) 2 F and w 2 X
that
knnðwÞ  nðwÞk ¼ kð1 an  cnÞnn1ðwÞ
þ anTkðnÞiðnÞ ðw; gnðwÞÞ þ cnfnðwÞk
¼ kð1 an  cnÞðnn1ðwÞ  nðwÞÞ
þ anðTkðnÞiðnÞ ðw; gnðwÞÞ  nðwÞÞ
þ cnðfnðwÞ  nðwÞÞk
6 ð1 an  cnÞknn1ðwÞ  nðwÞk
þ ankTkðnÞiðnÞ ðw; gnðwÞÞ  nðwÞk
þ cnkfnðwÞ  nðwÞk
6 ð1 an  cnÞknn1ðwÞ  nðwÞk
þ anrnðwÞkgnðwÞ  nðwÞk þ cnMðwÞ
6 ð1 anÞknn1ðwÞ  nðwÞk
þ anrnðwÞkgnðwÞ  nðwÞk þ cnMðwÞ ð3:3Þ
On the other hand,
kgnðwÞ  nðwÞk ¼ kð1 bn  dnÞnnðwÞ
þ bnSkðnÞiðnÞ ðw; nnðwÞÞ þ dngnðwÞ
 nðwÞk
6 ð1 bn  dnÞknnðwÞ  nðwÞk
þ bnkSkðnÞiðnÞ ðw; nnðwÞÞ  nðwÞk
þ dnkgnðwÞ  nðwÞk
6 ð1 bnÞknnðwÞ  nðwÞk
þ bnkSkðnÞiðnÞ ðw; nnðwÞÞ  nðwÞk
þ dnkgnðwÞ  nðwÞk
6 ð1 bnÞknnðwÞ  nðwÞk
þ bnrnðwÞknnðwÞ  nðwÞk þ dnMðwÞ
¼ ð1 bn þ bnrnðwÞÞknnðwÞ  nðwÞk
þ dnMðwÞ
6 rnðwÞknnðwÞ  nðwÞk þ dnMðwÞ; ð3:4Þ
where the last inequality follows from rn(w)P 1. Putting (3.4)
into (3.3), we get
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þ anrnðwÞ½rnðwÞknnðwÞ  nðwÞk
þ dnMðwÞ þ cnMðwÞ
¼ ð1 anÞknn1ðwÞnðwÞk
þ anr2nðwÞknnðwÞ  nðwÞk
þ ðanrnðwÞdn þ cnÞMðwÞ
ð3:5Þ
Rearranging both sides, we obtain
knnðwÞ  nðwÞk 6
1 an
1 anr2nðwÞ
knn1ðwÞ  nðwÞk þ
anrnðwÞdn þ cn
1 anr2nðwÞ
MðwÞ
¼ 1þ anr
2
nðwÞ  an
1 anr2nðwÞ
knn1ðwÞ  nðwÞk
þ anrnðwÞdn þ cn
1 anr2nðwÞ
MðwÞ
¼ ð1þ AnðwÞÞknn1ðwÞnðwÞk þ BnðwÞ:
ð3:6Þ
Since limsupnﬁ1an < 1, then there exists k< 1 such that
an 6 k for big n, therefore
AnðwÞ ¼ anr
2
nðwÞ  an
1 anr2nðwÞ
¼ anðr
2
nðwÞ  1Þ
1 anr2nðwÞ
6 kðr
2
nðwÞ  1Þ
1 kr2nðwÞ
¼ kðrnðwÞ þ 1ÞðrnðwÞ  1Þ
1 kr2nðwÞ
;
and since limnﬁ1rn(w) = 1, we obtain limn!1
kðrnðwÞþ1Þ
1kr2nðwÞ 6
2k
1k,
then there exists a real constant k such that kðrnðwÞþ1Þ
1kr2nðwÞ
6 k; 8nP 1. it follows that P1n¼1AnðwÞ ¼
P1
n¼1
anðr2nðwÞ1Þ
1anr2nðwÞ < 1.
Similarly, we can prove that
P1
n¼1BnðwÞ ¼
P1
n¼1
anrnðwÞdnþcn
1anr2nðwÞ
MðwÞ < 1. It follows by Lemma 2.6 and inequality (3.6) that
limnﬁ1 inn(w)  n(w)i exists for all n(w) 2 F.
Toprove (2).Putting infn2Fonbothsidesof (3.6),wegetd(nn(w),
F)6 (1 + An(w)) d(nn1(w), F) + Bn(w), then also by Lemma 2.6,
we obtain that limnﬁ1d(nn(w), F) exists and for all w 2 X. h
Lemma 3.2. Let E be a uniformly convex separable Banach
space and C be a nonempty closed convex subset of E. Let
{Ti, Si: i 2 I = {1, 2, . . ., N}} be 2N asymptotically nonexpan-
sive random mappings with sequences of measurable mappings
fring  ½1;1Þ such that
P1
n¼1ðrinðwÞ  1Þ < 1, rinðwÞ ! 1 as
nﬁ1, for all w 2 X and i 2 I = {1, 2, . . ., N}. Suppose that
F ¼ TNi¼1ðRFðTiÞ \ RFðSiÞÞ–;. Let {nn(w)} be the sequence
deﬁned as in (1.6) with the additional assumptionP1
n¼1cn < 1;
P1
n¼1dn < 1 and limsupnﬁ1an < 1. Then
 limnﬁ1inn(w)  Tl(w, nn(w)i = 0,
 limnﬁ1inn(w)  Sl(w, nn(w)i = 0,
 limnﬁ1 iTl(w, nn(w))  Sl(w, nn(w))i = 0,
for all w 2 X and for all l = 1, 2, . . ., N.
Proof. Let n(w) 2 F. Since {fn} and {gn} are bounded sequence
of measurable function from X to C, we can put for each w 2 X
MðwÞ ¼ sup
nP1
kfnðwÞ  nðwÞk _ sup
nP1
kgnðwÞ  nðwÞk:
ThenM(w) <1 for each w 2 X and nP 1. By Lemma 3.1, we
see that limnﬁ1inn(w)  n(w)i exists for eachw 2 X. Assume that
limnﬁ1inn(w)  n(w)i = c. Similarly, by using (3.4), we have
kgnðwÞ  nðwÞk 6 rnðwÞknnðwÞ  nðwÞk þ dnMðwÞ:Taking limsupnﬁ1 on both sides of the inequality, (where
limnﬁ1dn = 0) we have
lim sup
n!1
kgnðwÞ  nðwÞk 6 c: ð3:7Þ
In addition kTkðnÞiðnÞ ðw; gnðwÞÞ  nðwÞk 6 rnkgnðwÞ  nðwÞk,
taking limsupnﬁ1 on both sides of the inequality, we have
lim sup
n!1
kTkðnÞiðnÞ ðw; gnðwÞÞ  nðwÞk 6 c: ð3:8Þ
Since limnﬁ1cn = 0, it follows from (3.8) that
kTkðnÞiðnÞ ðw; gnðwÞÞ  nðwÞ þ cnðfnðwÞ  nn1ðwÞÞk
6 kTkðnÞiðnÞ ðw; gnðwÞÞ  nðwÞk þ cnkfnðwÞ  nn1ðwÞk
) lim sup
n!1
kTkðnÞiðnÞ ðw; gnðwÞÞ  nðwÞ þ cnðfnðwÞ  nn1ðwÞÞk 6 c:
ð3:9Þ
Also,
lim sup
n!1
knn1ðwÞ  nðwÞ þ cnðfnðwÞ  nn1ðwÞÞk
6 lim sup
n!1
knn1ðwÞ  nðwÞk ¼ c: ð3:10Þ
Now, by using (1.6) we have
c ¼ lim
n!1
knnðwÞ  nðwÞk
¼ lim
n!1
kð1 an  cnÞnn1ðwÞ þ anTkðnÞiðnÞ ðw; gnðwÞÞ
þ cnfnðwÞ  nðwÞk
¼ lim
n!1
kanTkðnÞiðnÞ ðw; gnðwÞÞ þ ð1 anÞnn1ðwÞ
 cnnn1ðwÞ þ cnfnðwÞ  ð1 anÞnðwÞ  annðwÞk
¼ lim
n!1
kanTkðnÞiðnÞ ðw; gnðwÞÞ  annðwÞ þ ancnfnðwÞ
 ancnnn1ðwÞ þ ð1 anÞnn1ðwÞ  ð1 anÞnðwÞ
 cnnn1ðwÞ þ cnfnðwÞ  ancnfnðwÞ þ ancnnn1ðwÞk
¼ lim
n!1
kanðTkðnÞiðnÞ ðw; gnðwÞÞ  nðwÞ þ cnðfnðwÞ  nn1ðwÞÞÞ
þ ð1 anÞðnn1ðwÞ  nðwÞ þ cnðfnðwÞ  nn1ðwÞÞÞk
ð3:11Þ
From (3.9), (3.10) and (3.11) and Lemma 2.7, we obtain
lim
n!1
kTkðnÞiðnÞ ðw; gnðwÞÞ  nn1ðwÞk ¼ 0: ð3:12Þ
On the other hand,
knnðwÞ  TkðnÞiðnÞ ðw; gnðwÞÞk 6 knnðwÞ  nn1ðwÞk þ knn1ðwÞ
 TkðnÞiðnÞ ðw; gnðwÞÞk
¼ kð1 an  cnÞnn1ðwÞ
þ anTkðnÞiðnÞ ðw; gnðwÞÞ þ cnfnðwÞ
 nn1ðwÞk þ knn1ðwÞ  TkðnÞiðnÞ ðw; gnðwÞÞk
¼ knn1ðwÞ  annn1ðwÞ  cnnn1ðwÞ
þ anTkðnÞiðnÞ ðw; gnðwÞÞ þ cnfnðwÞ  nn1ðwÞk
þ knn1ðwÞ  TkðnÞiðnÞ ðw; gnðwÞÞk
6 ankTkðnÞiðnÞ ðw; gnðwÞÞ  nn1ðwÞk
þ cnkfnðwÞ  nn1ðwÞk þ knn1ðwÞ
 TkðnÞiðnÞ ðw; gnðwÞÞk
¼ ð1þ anÞkTkðnÞiðnÞ ðw; gnðwÞÞ
 nn1ðwÞk þ cnkfnðwÞ  nn1ðwÞk
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lim
n!1
knnðwÞ  TkðnÞiðnÞ ðw; gnðwÞÞk ¼ 0 ð3:13Þ
Also, we have
knnðwÞ  nðwÞk 6 knnðwÞ  TkðnÞiðnÞ ðw; gnðwÞÞk
þ kTkðnÞiðnÞ ðw; gnðwÞÞ  nðwÞk
6 knnðwÞ  TkðnÞiðnÞ ðw; gnðwÞÞk
þ rnðwÞkgnðwÞ  nðwÞk;
which implies by (3.13) that
c ¼ lim
n!1
knnðwÞ  nðwÞk 6 lim inf
n!1
kgnðwÞ  nðwÞk:
Since c 6 liminfnﬁ1ign(w)  n(w)i 6 limsupnﬁ1ign(w) 
n(w)i 6 c, Thus,
lim
n!1
kgnðwÞ  nðwÞk ¼ c: ð3:14Þ
Now, we have
lim sup
n!1
kSkðnÞiðnÞ ðw; nnðwÞÞ  nðwÞk 6 lim sup
n!1
rnðwÞknnðwÞ  nðwÞk ¼ c ð3:15Þ
Also,
kSkðnÞiðnÞ ðw; nnðwÞÞ  nðwÞ þ dnðgnðwÞ  nðwÞÞk
6 kSkðnÞiðnÞ ðw; nnðwÞÞ  nðwÞk þ dnkgnðwÞ  nðwÞk
Using (3.15), we have
lim
n!1
kSkðnÞiðnÞ ðw; nnðwÞÞ  nðwÞ þ dnðgnðwÞ  nðwÞÞk 6 c: ð3:16Þ
In addition,
lim sup
n!1
knnðwÞ  nðwÞ þ dnðgnðwÞ  nðwÞÞk
6 lim sup
n!1
knnðwÞ  nðwÞk ¼ c: ð3:17Þ
On the other hand,
c ¼ lim
n!1
kgnðwÞ  nðwÞk
¼ lim
n!1
kð1 bn  dnÞnnðwÞ þ bnSkðnÞiðnÞ ðw; nnðwÞÞ
þ dngnðwÞ  nðwÞk
¼ lim
n!1
kbnSkðnÞiðnÞ ðw; nnðwÞÞ þ ð1 bnÞnnðwÞ  dnnnðwÞ
þ dngnðwÞ  ð1 bnÞnðwÞ  bnnðwÞk
¼ lim
n!1
kbnSkðnÞiðnÞ ðw; nnðwÞÞ  bnnðwÞ þ bndngnðwÞ
 bndnnnðwÞ þ ð1 bnÞnnðwÞ  ð1 bnÞnðwÞ
 dnnnðwÞ þ dngnðwÞ  bndngnðwÞ þ bndnnnðwÞk
¼ lim
n!1
kbnðSkðnÞiðnÞ ðw; nnðwÞÞ  nðwÞ þ dnðgnðwÞ  nnðwÞÞÞ
þ ð1 bnÞðnnðwÞ  nðwÞ þ dnðgnðwÞ  nnðwÞÞÞk ð3:18Þ
From (3.16), (3.17) and (3.18) and Lemma 2.7, we obtain
lim
n!1
kSkðnÞiðnÞ ðw; nnðwÞÞ  nnðwÞk ¼ 0: ð3:19Þ
Notice that,
kgnðwÞ  nnðwÞk ¼ kð1 bn  dnÞnnðwÞ þ bnSkðnÞiðnÞ ðw; nnðwÞÞ
þ dngnðwÞ  nnðwÞk
6 bnkSkðnÞiðnÞ ðw; nnðwÞÞ  nnðwÞk þ dnkgnðwÞ
 nnðwÞk;Using (3.19), we obtain
lim
n!1
kgnðwÞ  nnðwÞk ¼ 0; ð3:20Þ
Since,
kTkðnÞiðnÞ ðw; nnðwÞÞ  nnðwÞk 6 kTkðnÞiðnÞ ðw; nnðwÞÞ  TkðnÞiðnÞ ðw; gnðwÞÞk
þ kTkðnÞiðnÞ ðw; gnðwÞÞ  nnðwÞk
6 rnknnðwÞ  gnðwÞk
þ kTkðnÞiðnÞ ðw; gnðwÞÞ  nnðwÞk:
By using (3.13) and (3.20), we get
lim
n!1
kTkðnÞiðnÞ ðw; nnðwÞÞ  nnðwÞk ¼ 0: ð3:21Þ
also,
knn1ðwÞ  TkðnÞiðnÞ ðw; nnðwÞÞk 6 knn1ðwÞ  TkðnÞiðnÞ ðw; gnðwÞÞk
þ kTkðnÞiðnÞ ðw; gnðwÞÞ  TkðnÞiðnÞ ðw; nnðwÞÞk:
Both (3.12) and (3.20) imply that
lim
n!1
knn1ðwÞ  TkðnÞiðnÞ ðw; nnðwÞÞk ¼ 0: ð3:22Þ
Now,
knnðwÞ  nn1ðwÞk 6 ankTkðnÞiðnÞ ðw; gnðwÞÞ  nn1ðwÞk þ cnkfnðwÞ
 nn1ðwÞk:
Using (3.12), we get limnﬁ1inn(w)  nn1(w)i = 0.
Hence
lim
n!1
knnðwÞ  nnþlðwÞk ¼ 0; ð3:23Þ
for all w 2 X and for all l 2 I. Since
kTkðnÞiðnÞ ðw; nnðwÞÞ  SkðnÞiðnÞ ðw; nnðwÞÞk
6 kTkðnÞiðnÞ ðw; nnðwÞÞ  nnðwÞk þ knnðwÞ  SkðnÞiðnÞ ðw; nnðwÞÞk;
By (3.19) and (3.21), we get
lim
n!1
kTkðnÞiðnÞ ðw; nnðwÞÞ  SkðnÞiðnÞ ðw; nnðwÞÞk ¼ 0: ð3:24Þ
Notice that
knn1ðwÞ  TiðnÞðw; nnðwÞÞk 6 knn1ðwÞ  TkðnÞiðnÞ ðw; nnðwÞÞk
þ kTkðnÞiðnÞ ðw; nnðwÞÞ  TiðnÞðw; nnðwÞÞk
6 knn1ðwÞ  TkðnÞiðnÞ ðw; nnðwÞÞk
þ LkTkðnÞ1iðnÞ ðw; nnðwÞÞ  nnðwÞk
6 knn1ðwÞ  TkðnÞiðnÞ ðw; nnðwÞÞk
þ L½kTkðnÞ1iðnÞ ðw; nnðwÞÞ
 TkðnÞ1iðnNÞðw; nnNðwÞÞk
þ kTkðnÞ1iðnNÞðw; nnNðwÞÞ  nðnNÞ1ðwÞk
þ knðnNÞ1ðwÞ  nnðwÞk:
ð3:25Þ
Since for each n> N, n= (n  N)(mod N) and
n= (K(n)  1)N+ i(n), we have k(n  N) = k(n)  1 and
i(n  N) = i(n).
kTkðnÞ1iðnÞ ðw; nnðwÞÞ  TkðnÞ1iðnNÞðw; nnNðwÞÞk
6 LknnðwÞ  nnNðwÞk; ð3:26Þ
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kTkðnÞ1iðnNÞðw; nnNðwÞÞ  nðnNÞ1ðwÞk
¼ kTkðnNÞiðnNÞ ðw; nnNðwÞÞ  nðnNÞ1ðwÞk: ð3:27Þ
Substituting (3.27) and (3.26) into (3.25), we obtain
knn1ðwÞ  TiðnÞðw; nnðwÞÞk 6 knn1ðwÞ  TkðnÞiðnÞ ðw; nnðwÞÞk
þ L2knnðwÞ  nnNðwÞk
þ LkTkðnNÞiðnNÞ ðw; nnNðwÞÞnðnNÞ1ðwÞk
þ LknðnNÞ1ðwÞ  nnðwÞk
It follows by (3.22) and (3.23) that
lim
n!1
knn1ðwÞ  TiðnÞðw; nnðwÞÞk ¼ 0: ð3:28Þ
and
knnðwÞ  TiðnÞðw; nnðwÞÞk 6 knnðwÞ  nn1ðwÞk
þ knn1ðwÞ
 TiðnÞðw; nnðwÞÞk
! 0 as ðn!1Þ: ð3:29Þ
Now for each l= 1, 2, . . ., N, we have
knnðwÞ  Tnþlðw; nnðwÞÞk 6 knnðwÞ  nnþlðwÞk þ knnþlðwÞ
 Tnþlðw; nnþlðwÞÞÞk þ kTnþlðw; nnþlðwÞÞ
 Tnþlðw; nnðwÞÞÞk 6 knnðwÞ
 nnþlðwÞk þ knnþlðwÞ  Tnþlðw; nnþlðwÞÞÞk
þ LknnþlðwÞ  nnðwÞk ! 0
as n!1 for each w 2 X:
ð3:30Þ
Consequently, we have
knnðwÞc Tlðw; nnðwÞÞk ! 0; ð3:31Þ
for each w 2 X and for each l= 1, 2, . . ., N. Similarly, we can
prove that
lim
n!1
knnðwÞ  Slðw; nnðwÞÞk ¼ 0; ð3:32Þ
for each w 2 X and for each l= 1, 2, . . ., N. Finally, since
kTlðw; nnðwÞÞ  Slðw; nnðwÞÞk 6 kTlðw; nnðwÞÞ  nnðwÞk
þ knnðwÞ  Slðw; nnðwÞÞk
Thus by (3.31) and (3.32), we obtain
lim
n!1
kTlðw; nnðwÞÞ  Slðw; nnðwÞÞk ¼ 0; ð3:33Þ
for each w 2 X and for each l= 1, 2, . . ., N. h
In the next, we study strong convergence of the sequence
{nn(w)} deﬁned by (1.6) to a common random ﬁxed point of
{Ti, Si: i= 1, 2, . . ., N}.
Theorem 3.3. Let E be a separable Banach space and C be a
nonempty closed convex subset of E. Let {Ti, Si: i 2 I = {1, 2,
. . ., N}} be 2N asymptotically nonexpansive random mappings
with sequences of measurable mappings fring  ½1;1Þ such thatP1
n¼1ðrinðwÞ  1Þ < 1, rinðwÞ ! 1 as nﬁ1, for all w 2 X and
i 2 {1, 2, . . ., N}. Suppose that F ¼ TNi¼1ðRFðTiÞ \ RFðSiÞÞ–;.
Let {nn(w)} be the sequence deﬁned as in (1.6) with the additional
assumption
P1
n¼1cn < 1;
P1
n¼1dn < 1 and lim supn!1an < 1.Then {nn(w)} converges to a common random ﬁxed point of {Ti,
Si: i = 1, 2, . . ., N} if and only if
lim inf
n!1
dðnnðwÞ;FÞ ¼ 0 ;w 2 X: ð3:34Þ
Proof. The necessity of (3.34) is obvious. To prove the sufﬁ-
ciency of (3.34), we have by Lemma 3.1, that limnﬁ1d(nn(w),
F) exists for w 2 X and we have from the hypothesis of the
Theorem that liminfnﬁ1d(nn(w), F) = 0,w 2 X, then
limnﬁ1d(nn(w), F) = 0. Now, since 1 + x 6 ex for x> 0
and from (3.6), we have that
knnþmðwÞ  nðwÞk 6 ð1þ AnþmðwÞÞknnþm1ðwÞ  nðwÞk þ BnþmðwÞ
6 eAnþmðwÞknnþm1ðwÞ  nðwÞk þ BnþmðwÞ
6 eAnþmðwÞþAnþm1ðwÞknnþm2ðwÞ  nðwÞk
þ eAnþmðwÞBnþm1ðwÞ þ BnþmðwÞ   
6 e
Xnþm
i¼nþ1
AiðwÞ
knnðwÞ  nðwÞk
þ
Xnþm1
k¼nþ1
BkðwÞe
Xnþm
i¼kþ1
AiðwÞ
þ BnþmðwÞ
6 RðwÞknnðwÞ  nðwÞk þ RðwÞ
X1
k¼nþ1
BkðwÞ;
ð3:35Þ
for each w 2 X and for all natural numbers m, n where
RðwÞ ¼ e
P1
n¼1AnðwÞ < 1. Therefore, for any n(w) 2 F, (3.35)
implies that
knnþmðwÞ  nnðwÞk 6 knnþmðwÞ  nðwÞk þ knnðwÞ
 nðwÞk
6 RðwÞknnðwÞ  nðwÞk
þ RðwÞ
X1
k¼nþ1
BkðwÞ þ knnðwÞ
 nðwÞk
¼ ðRðwÞ þ 1ÞknnðwÞ  nðwÞk
þ RðwÞ
X1
k¼nþ1
BkðwÞ: ð3:36Þ
Since limnﬁ1d(nn(w), F) = 0, and
P1
n¼1BnðwÞ < 1, given
e> 0, there exists a natural number n0 such that
dðnnðwÞ;FÞ < 2ðRðwÞþ1Þ and
P1
n¼1BnðwÞ < 2RðwÞ for all nP n0.
So there exists n*(w) 2 F such that knnðwÞ  nðwÞk < 2ðRðwÞþ1Þ
for all n P n0. Therefore from (3.36), we have for all nP
n0 that
knnþmðwÞ  nnðwÞk 6 ðRðwÞ þ 1ÞknnðwÞ  nðwÞk þ RðwÞ
X1
k¼nþ1
BkðwÞ
< ðRðwÞ þ 1Þ 
2ðRðwÞ þ 1Þ þ RðwÞ

2RðwÞ ¼ ;
which implies that {nn(w)} is a Cauchy sequence in C for each
w 2 X. Since C is closed subset of E, then there exists p(w) such
that limnﬁ1nn(w) = p(w), where p being the limit of measur-
able functions is also measurable. Now, we show that
p(w) 2 F. Since for each w 2 X, limnﬁ1nn(w) = p(w), there ex-
ists n1 2 N such that knnðwÞ  pðwÞk < 2ð1þrlðwÞ for all nP n1.
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such that dðnnðwÞ;FÞ < 2ð1þrlðwÞÞ for all nP n2. So there exists
q 2 F such that knnðwÞ  qðwÞk < 2ð1þrlðwÞ for all nP n2. Let
n3 = max{n1, n2}. For all l 2 I= {1, 2, . . ., N} and for all
nP n3
kTlðw; pðwÞÞ  pðwÞk 6 kTlðw; pðwÞÞ  qðwÞk þ kqðwÞ  pðwÞk
6 kTlðw; pðwÞÞ  Tlðw; qðwÞÞk þ kqðwÞ  pðwÞk
6 rlðwÞkqðwÞ  pðwÞk þ kqðwÞ  pðwÞk
¼ ð1þ rlðwÞÞkqðwÞ  pðwÞk
6 ð1þ rlðwÞÞkqðwÞ  nnðwÞk
þ ð1þ rðwÞÞknnðwÞ  pðwÞk
< ð1þ rðwÞÞ 
2ð1þ rlðwÞ
þ ð1þ rlðwÞÞ 
2ð1þ rlðwÞ ¼ ;
ð3:37Þ
which implies that Tl(w, p(w)) = p(w) for all l 2 {1, 2, . . ., N}
and for all w 2 X.
In addition, by (3.32), we have Sl(w, nn(w))ﬁ nn(w), then
there exists n4 2 N such that kSlðw; nnðwÞÞ  nnðwÞk < 2 for all
nP n4. Let n5 = max{n1, n4}, then we have
kSlðw; pðwÞÞ  pðwÞk 6 kSlðw; pðwÞÞ  Slðw; nnðwÞÞk þ kSlðw; nnðwÞÞ
 nnðwÞk þ knnðwÞ  pðwÞk
6 rlðwÞknnðwÞ  pðwÞk þ kSlðw; nnðwÞÞ
 nnðwÞk þ knnðwÞ  pðwÞk
¼ ð1þ rlðwÞÞknnðwÞ  pðwÞk
þ kSlðw; nnðwÞÞ  nnðwÞk
< ð1þ rlðwÞÞ 
2ð1þ rlðwÞ þ

2
¼ ;
ð3:38Þ
which implies that Sl(w, p(w)) = p(w) for all l 2 {1, 2, . . ., N}
and for all w 2 X. Thus p 2 F ¼ TNi¼1ðRFðTiÞ \ RFðSiÞÞ. h
Theorem 3.4. Let E be a uniformly convex separable Banach
space and C be a nonempty closed convex subset of E. Let
{Ti, Si: i 2 I = {1, 2, . . ., N}} be 2N asymptotically nonexpan-
sive random mappings with sequences of measurable mappings
fring  ½1;1Þ such that
P1
n¼1ðrinðwÞ  1Þ < 1, rinðwÞ ! 1 as
nﬁ1, for all w 2 X and i 2 I = {1, 2, . . ., N}. Suppose that
F ¼ TNi¼1ðRFðTiÞ \ RFðSiÞÞ–;. Let {nn(w)} be the sequence
deﬁned as in (1.6) with the additional assumptionP1
n¼1cn < 1;
P1
n¼1dn < 1 and limsupnﬁ1an < 1. If one of
the families {Ti: i 2 I} or {Si: i 2 I} satisfy the condition B for
all w 2 X. Then {nn(w)} converges strongly to a common
random ﬁxed point of {Ti, Si: i = 1, 2, . . ., N}.
Proof. By Lemma 3.2, we have limnﬁ1inn(w)  Ti(w,
nn(w))i = 0, i= 1, 2, . . ., N. Suppose {Ti: i= 1, 2, . . ., N}
satisfy the condition B, then
fðdðnnðwÞ;FÞÞ 6 max
16i6N
fknnðwÞ  Tiðw; nnðwÞÞk
) lim
n!1
fðdðnnðwÞ;FÞÞ ¼ 0:
Lemma 3.1, says that limnﬁ1d(nn(w), F) exists and since f:
[0,1)ﬁ [0,1) is a nondecreasing function satisfying f(0) = 0,
f(r) > 0 for all r 2 (0, 1), we obtain that limnﬁ1d(nn(w),
F) = 0 and hence the result follows from Theorem 3.3.We can get the same result if {Si: i= 1, 2, . . ., N} satisfy the
condition B. h
Theorem 3.5. Let E be a uniformly convex separable Banach
space and C be a nonempty closed convex subset of E. Let
{Ti, Si: i 2 I = {1, 2, . . ., N}} be 2N asymptotically nonexpan-
sive random mappings with sequences of measurable mappings
fring  ½1;1Þ such that
P1
n¼1ðrinðwÞ  1Þ < 1, rinðwÞ ! 1 as
nﬁ1, for all w 2 X and i 2 {1, 2, . . ., N}. Suppose that
F ¼ TNi¼1ðRFðTiÞ \ RFðSiÞÞ–;. Let {nn(w)} be the sequence
deﬁned as in (1.6) with the additional assumptionP1
n¼1cn < 1;
P1
n¼1dn < 1 and limsupnﬁ1an < 1. If one of
{Ti: i = 1, 2, . . ., N} is semicompact. Then {nn(w)} converge
strongly to a common random ﬁxed point of {Ti, Si: i = 1, 2,
. . ., N}.
Proof. Suppose that T1 is semicompact. By Lemma 3.2, we
have limnﬁ1inn(w)  T1(w, nn(w))i = 0 and limnﬁ1inn(w)
 S1(w, nn(w))i = 0, so there exists subsequence fnnjðwÞg of
{nn(w)} such that fnnjðwÞg converge strongly to {n(w)} for all
w 2 X, where {n(w)} is a measurable mapping from X to C.
Again by Lemma 3.2, we have
knðwÞ  Tlðw; nðwÞÞk ¼ lim
j!1
knnjðwÞ  Tlðw; nnjðwÞÞk ¼ 0;
for all w 2 X and for all l 2 I, and
knðwÞ  Slðw; nðwÞÞk ¼ lim
j!1
knnjðwÞ  Slðw; nnjðwÞÞk ¼ 0;
for all w 2 X and for all l 2 I. It follows that
n 2 F ¼ TNi¼1ðRFðTiÞ \ RFðSiÞÞ. From Lemma 3.1, we see that
inn(w)  n(w)i exists and since {nn(w)} has a subsequence
fnnjðwÞg such that fnnjðwÞg converge strongly to {n(w)} for
all w 2 X, then we have limnﬁ1inn(w)  n(w)i = 0 for all
w 2 X and hence {nn(w)} converges strongly to a common
random ﬁxed point of {Ti, Si: i= 1, 2, . . ., N}. h
Finally, we prove weak convergence of the iterative scheme
(1.6) for 2N asymptotically nonexpansive random mappings in
a uniformly convex separable Banach space satisfying Opial’s
condition.
Theorem 3.6. Let E be a uniformly convex separable Banach
space which satisfy Opial’s condition and C be a nonempty
closed convex subset of E. Let {Ti, Si: i 2 I = {1, 2, . . ., N}} be
2N asymptotically nonexpansive random mappings with
sequences of measurable mappings fring  ½1;1Þ such thatP1
n¼1ðrinðwÞ  1Þ < 1, rinðwÞ ! 1 as nﬁ1, for all w 2 X and
i 2 {1, 2, . . ., N}. Suppose that F ¼ TNi¼1ðRFðTiÞ \ RFðSiÞÞ–;.
Let {nn(w)} be the sequence deﬁned as in (1.6) with the
additional assumption
P1
n¼1cn < 1;
P1
n¼1dn < 1 and lim-
supnﬁ1an < 1. Then {nn(w)} converges weakly to a common
random ﬁxed point of {Ti, Si: i = 1, 2, . . ., N}.
Proof. From Lemma 3.2, we have that limnﬁ1inn(w)  Tl(w,
nn(w))i = 0 and limnﬁ1inn(w)  Sl(w, nn(w))i = 0 for l= 1,
2, . . ., N. Since E is uniformly convex and {nn(w)} is bounded,
we may assume that nn(w)ﬁ n(w) weakly as nﬁ1, without
loss of generality. Hence, by Lemma 2.8, we have
nðwÞ 2 F ¼ TNi¼1ðRFðTiÞ \ RFðSiÞÞ. Suppose that subse-
quences nnkðwÞ and nmkðwÞ of nn(w) converge weakly to u(w)
and v(w), respectively. By Lemma 2.8, we have
uðwÞ; vðwÞ 2 F ¼ TNi¼1ðRFðTiÞ \ RFðSiÞÞ, and by Lemma 3.1,
Approximating common random ﬁxed point for two ﬁnite families of asymptotically 189limnﬁ1inn(w)  u(w)i and limnﬁ1inn(w)  v(w)i exist. It fol-
lows from Lemma 2.9, that u(w) = v(w). Therefore, {nn(w)}
converges weakly to a common ﬁxed point of {Ti, Si: i= 1,
2, . . ., N}. h
Remark 3.7
(1) Our results improve and extend the corresponding
results in [25] to the case of two ﬁnite families of asymp-
totically nonexpansive random mappings.
(2) Our results also improve and extend the results in [17] to
the case of two ﬁnite families of implicit random itera-
tive process.References
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